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This paper investigates the density expansion of the thermodynamic properties of a two com-
ponent plasma under the influence of a weak constant uniform magnetic field. We start with the
fugacity expansion for the Helmholtz free energy. The leading terms with respect to the density
are calculated by a perturbation expansion with respect to the magnetic field. We find a new mag-
netic virial function for a low density plasma which is exact in quadratic order with respect to the
magnetic field. Using these results we compute the magnetization and the magnetic susceptibility.
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I. INTRODUCTION
The topic of matter in magnetic fields has received much attention. The magnetic field has a great effect on the
individual motion of charged particles. In classical mechanics the motion of the free particles in a magnetic field can
be described by circular orbits. The frequency associated with the rotation is the cyclotron frequency ωc = eB0/me.
In quantum mechanics the motion perpendicular to the magnetic field is quantized with the corresponding energy
eigenvalues E⊥ = h¯ωc(n + 1/2) [1]. A wide range of subsequent investigations covers the properties of atoms and
molecules in magnetic fields. Their study is motivated by the astrophysical implications concerned with the physics of
pulsars and neutron stars, but also by its application in quantum chaos [2–4]. The calculation of the energy spectrum
of a hydrogen atom in strong magnetic fields has been tackled by various authors [5–7]. One of the complications
found in the theory is the coupling of the center of mass motion with the relative motion [6]. This also complicates
the calculation of the thermodynamic functions of a low density plasma. However, this effect becomes important
at strong fields only. Throughout this paper we will consider the weak-field limit in which case this effect becomes
negligible. In this limit the proton mass is considered to be infinite.
Although the magnetic field affects the individual motion of the particles, there is no influence of the magnetic field
on the equilibrium properties of a classical charged particle system. This follows from the Bohr-van-Leeuwen theorem
[8,9], which can be easily derived by changing the variable in the momentum integrals in such a way that one works
with the variable π = p− eA. As a result of this all equilibrium properties are independent of the magnetic field. In
quantum mechanics this argument is no longer valid, since the momentum operator and the coordinate operator of
a particle do not commute. A common example of an equilibrium value which depends on the magnetic field is the
magnetization of an electron gas. It was shown by Landau [10] that the low field magnetization of a spinless electron
gas, in Boltzmann statistics, is
Morb = −neβh¯
2ωc
12m
, (1)
i.e., the so called orbital part contributes to a diamagnetic response. However, the full response of the free (noninter-
acting) electron gas, including the spin part, is paramagnetic.
The magnetization of a system of charged particles is a boundary effect. In classical mechanics the magnetization
induced by the motion of the bulk electrons is cancelled by the magnetization connected with the surface current.
Again in quantum mechanics this statement is not valid anymore. Landau used a perturbation expansion of the
free energy with respect to the magnetic field, to circumvent difficulties due to the boundary effects. In doing so
the electrons at the boundary of the system were neglected. Then the magnetization is found as the derivative of
the free energy with respect to the magnetic field. Another approach has been chosen by Teller [11]. He calculated
the current at the boundary of the system, produced by the motion of the elctrons under the influence of uniform
magnetic field. From this he computed the magnetization of the system and was able to show the equivalence of his
method and Landau’s approach. However, as Teller already pointed out Landau’s method is much better suited for
more complicated problems.
The difficulties connected with the boundary effects are perhaps one of the reasons for the few results concerning the
equilibrium statistical mechanics of a low density quantum plasmas embedded in an external magnetic field. A first
attempt beyond Landau has been pursued by Alastuey and Jancovici. They studied, by means of a Wigner-Kirkwood
expansion, the magnetic properties of a nearly classical one component plasma (OCP) in two and three dimensions
in the weak field [12] as well as in the strong field limit [13]. Related problems were treated by Cornu [14] and Boose
1
and Perez [15] who derived a formally exact virial expansion of the EOS of a multicomponent plasma by using the
Feynman Kac path-integral representation of the grand-canonical ensemble.
This paper is aimed to calculate the magnetic properties of a quantum plasma in the low density limit. These
systems are characterized by a small coupling parameter Γ, which is given by
Γ =
e2
4πǫ0kTd
, (2)
where d = (3/4πn)1/3 is the mean distance between the particles. We follow the method of Landau for the calculation
of the magnetization. The starting point is the fugacity expansion of the Helmholtz free energy. In a previous work
[16] the authors have performed a perturbation expansion for the equation of state of a low density plasma up to
the order n2e4, which is valid at arbitrary magnetic field strength. In the present paper we perform an expansion
of the thermodynamic functions for a low density plasma (Γ < 1) up to the order n2 and calculate the coefficients
of this expansion in quadratic order with respect to the magnetic field, without making any approximation with
respect to the Coulomb problem. Using a diagrammatic language this can be restated as the calculation of all ladder
diagrams expanded to second order in the magnetic field. In doing so we will consider the B and B2 terms of the
Hamiltonion separately. We will see that the separate contributions are divergent, only the sum of all contributions
give a convergent expression. This is the price which we have to pay within the present method circumventing the
calculation of boundary effects.
This paper is organized as follows. In section II, we discuss the representation of thermodynamic functions by a
fugacity expansion. The second virial coefficient of a magnetized plasma will be discussed in section III. In the first
part of section III, we present in more detail the calculation of the electron-ion contribution to the thermodynamic
functions in the case of an infinite proton mass and in the second part an analytical continuation will lead us to the
electron-electron contribution. In the third part of section III the asymptotic behavior of the new proposed magnetic
virial functions will be studied. Finally, the derived results are used to compute the magnetization and the magnetic
susceptibility in section IV.
II. REPRESENTATION OF THE THERMODYNAMIC FUNCTIONS BY A FUGACITY EXPANSION
In this section, we briefly present the general method used in this work and give the exact results derived in an
earlier work [16]. Let us consider a two-component charge-symmetrical system of N spin half particles of charge (-e)
and mass me and N spin half particles of charge e and mass mi. The Hamiltonoperator of our system consists of two
particle contributions. Each pair of species a and b contributes
Hλab =
(
(pa − eaAa)2
2ma
+ µaBB0σz
)
+
(
(pb − ebAb)2
2mb
+ µbBB0σz
)
+ λVab(r) ,
σz = −1,+1 (3)
with the Coulombic interaction potential
Vab(r) =
eaeb
4πǫ0r
. (4)
Here Hab is the Hamiltonoperator of the two particle system and H
0
ab of the noninteracting system. The additive term
µaBB0σz takes into account the coupling between the intrinsic magnetic moment (µ
a
B = eah¯/(2ma)) of the charged
particles and the magnetic field.
We suppose that the pressure can be split into ideal and interaction contributions
p = pid + pint . (5)
In the case without Coulomb interaction e2 = 0 the pressure and the particle density of the plasma in a homogeneous
magnetic field B = (0, 0, B0) are given by a sum of Fermi integrals over all Landau levels n
pid = kT
∑
a
2xa
Λ3a
∑
n=0
′
f 1
2
(ln (zan)) , n =
∑
a
2xa
Λ3a
∑
n=0
′
f− 1
2
(ln (zan)) (6)
(xa = h¯ω
a
c /(2kT ) with ω
a
c = |ea|B0/ma, Λa = h/
√
2πmakT , and z
a
n = exp [β(µ− nh¯ωac )]). The prime indicates the
double summation due to the spin degeneracy except for the n = 0 level.
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The interaction part of the pressure will be expressed in terms of a fugacity expansion which will be truncated after
the second virial coefficient [17–21]
βpint =
κ3
12π
+
∑
ab
z˜az˜b
(
π
3
λ3abξ
3
ab ln(κλab) +
π
2
β3
e2a
4πǫ0
e4b
(4πǫ0)2
+Bab
)
+ 0(z˜5/2 ln z˜ ), (7)
where we have introduced the modified fugacities
z˜a = za
2
Λ3a
xa
tanh(xa)
, (8)
in order to have z˜a → na in the limit of small densities. The first term on the r.h.s of Eq.(7) is the Debye contribution
in the grand canonical ensemble. The squared inverse Debye radius is given by κ2 = β(e2/ǫ0)(z˜e + z˜i). Since it is a
classical contribution the Debye term does not depend on the field. In the limit of small densities Eq.(7) coincides
with the formally exact virial equation of state derived by Cornu [14] and Boose and Perez [15]. We now try to extend
these calculations and focus on the calculation of the second virial coefficient Bab. In order to avoid convergence
problems let us in a first approach cut the Coulomb tail at large distances, i.e. Vab(r) = 0 if r > R. Then the second
virial coefficient reads
Bab =
1
2Ω
(
Λ3a
2
tanh(xa)
xa
)(
Λ3b
2
tanh(xb)
xb
)
Tr (e−βĤab − e−βĤ0ab) . (9)
This function will be studied in more detail in the next section.
III. SECOND VIRIAL COEFFICIENT OF A MAGNETIZED PLASMA
It is convenient to divide the second virial coefficient into the direct part Bdab and the exchange part B
ex
aa
Bab = B
d
ab +B
ex
aaδab , (10)
and to compute them separately. The exchange part of Bab as defined by Eqs.(9) with the Hamiltonoperator given
by Eq.(3) is convergent while if R → ∞ the direct part is divergent. This is due to the long range behavior of the
Coulomb interaction which leads to collective effects. In order to include these collective effects one has to perform a
screening procedure, which may then lead to convergent expression for Bab. Such a technique is well established in
the zero magnetic field case [17–21] and can be easily extended to the nonzero magnetic field case. In general, Bab is
an analytic function of the interaction parameter ξab [21], defined by
ξab = − eaeb
4πǫ0kTλab
, (11)
with λab = h¯/
√
2mabkT and mab = mamb/(ma + mb) beeing the effective mass. Hence Bab may be written as a
Taylor expansion. Using the methods as described in [17–21] we derived in our earlier work [16] the lowest order
contribution to Bab. As in the zero field case we write the direct part of the second virial coefficient of the plasma in
the following form
Bdab = B
′
ab +B
′′
ab , (12)
where the contributions of second and third order in ξab are included in B
′
ab, with
B′ab = −
1
8
π3/2λ3abξ
2
abh2(xa, xb)−
π
3
(
C
2
+ log 3− 1
2
)
λ3abξ
3
abh3(xa, xb) . (13)
In general the magnetic field correction h2,3 satisfies h2,3 = 1 if the magnetic field B = 0. The second order term has
been found in [16] and is explicitely given by
h2(xa, xb) =
(
1
2
+
4
π
∫ 1
0
dt
√
t(1 − t) (ya + yb) arctanh
√
1− (ya + yb)√
1− (ya + yb)
)
, (14)
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with ya,b = λ
2
aa,bb sinh(xa,bt) sinh(xa,b(1 − t))/(λ2ab t(1 − t) 2xa,b sinh(xa,b)). The magnetic field correction h3 is so
far not exactly known. In the limit of zero field h3 = 1 holds; furthermore, in the next section we will derive an
expression for h3 in the weak field limit.
Formally the higher order contributions may be expressed by a resolvent expansion [20]
B′′ab =
1
2Ω
(
Λ3a
2
tanh(xa)
xa
)(
Λ3b
2
tanh(xb)
xb
)
P ′′
Tr
∑
k
1
2πi
∫
C
dz e−βz
[
1
H0ab − z
Vab
]k
1
H0ab − z
. (15)
The contour integral may be taken in the sense of an inverse Laplace transform. The operator P ′′ means that all
terms of order less than ξ4 have to be omitted, since they have already been taken into account in B′ab. The series
may then be written in the general form
B′′ab = 2π
3/2λ3ab
∞∑
k=4
ζ(k − 2)hk(xa, xb)
Γ(1 + k/2)
(
ξab
2
)k
. (16)
The functions hk expressing the magnetic corrections satisfy the zero field condition
hk(0, 0) = 1 . (17)
Therefore in the zero magnetic field case an exact calculation of the convergent second virial coefficient is possible in
agreement with earlier work [20,21].
An alternative expression for the field free virial coefficient which we may refer to as B0ab may be obtained by
introducing the quantum virial function Q0(ξab) [21] according to
B0ab = 2πλ
3
abQ
0(ξab) , (18)
with
Q0(ξab) = −1
8
√
πξ2ab −
1
6
ξ3ab
(
C
2
+ ln 3− 1
2
)
+
√
π
∞∑
k=4
ζ(k − 2)
Γ(1 + k/2)
(
ξab
2
)k
. (19)
Note that the second order term may be included into the series, since ζ(0) = −1/2.
Now let us discuss the exchange part. Again, as it was shown in Ref. [16] this contribution may be written in a
Taylor expansion
Bexaa = π
3/2λ3aa
∞∑
k=0
(
1− 22−k) ζ(k − 1)bk(xa)
Γ(1 + k/2)
(
ξaa
2
)k
. (20)
Here we have included the terms with nonpositive arguments in the ζ function. In particular we have used the relation
lim
k→2
(1− 22−k)ζ(k − 1) = ln 2 . (21)
The zero field results are reproduced, since we have bk(0) = 1 and they may be written, after introducing the exchange
virial function E0(ξaa), as
B0exaa = −πλ3aaE0(ξaa) , (22)
with
E0(ξaa) =
√
π
∞∑
k=0
(
1− 22−k) ζ(k − 1)
Γ(1 + k/2)
(
ξaa
2
)k
. (23)
The influence of the magnetic field on the exchange part has been studied in [16] for the lower order terms b0, b1, and
b2. The following analytical expression were derived
4
b0(xa) =
cosh(2xa)
cosh2(xa)
tanh(xa)
xa
, (24)
and
b1(xa) =
cosh(2xa)
cosh2(xa)
tanh(xa)
xa
arctanh
√
1− tanh(xa)xa√
1− tanh(xa)xa
. (25)
For an integral representation of b2 we refer the reader to Eq.(C4) of [16].
A. Expansion in the weak field limit for the ion-electron interaction
We shall find an expansion of the second virial coefficient in the weak-field limit. The magnetic field is now assumed
to be a small perturbation to the field free Coulomb problem. In this case we can use the already established results
for the second virial coefficient in the absence of a field [21]. Due to the invariance of the thermodynamic functions
under the transformation B→ −B the first correction to the field-free results will be quadratic in the magnetic field.
This can also be verified in the ideal contribution (Pauli spin magnetism and Landau diamagnetism).
Let us consider a hydrogen plasma with an infinite proton mass. This is a reasonable approximation in the weak
field limit, as the proton frequency is proportional to the inverse mass of the proton. We chose the symmetric gauge
A = 1/2 (B× r). Then the Hamiltonian in relativ and center of mass coordinates takes the form
Hei =
P2
2mi
+
p2
2me
+
meω
2
c
8
ρ2 − i h¯ωc
2
∂
∂φ
+ µeBB0σz −
e2
4πǫ0r
, (26)
where ωc is the electron cyclotron frequency. The elctron-ion contribution B
d
ei to the second virial coefficient is given
by the following trace
Bdei =
1
2Ω
Pk
′
(
Λ3i
2
)(
Λ3e
2
tanh(xe)
xe
)
Tr (e−βHei − e−βH0ei) . (27)
As in the zero magnetic field case we have defined an operator Pk
′
that takes into account the divergency, by omitting
all terms of order ek with k < k′.
The trace over the center of mass coodinates and over the spin variable is readily carried out. Again we use the
resolvent representation to obtain the following contribution
Bdei = 4π
3/2λ3e
sinh(xe)
xe
Pk
′
∫
C
dz
2πi
e−βzTr
(
1
hei − z −
1
h0ei − z
)
, (28)
with λe = h¯/
√
2mekT . Here we have introduced the Hamiltonoperators for the free relative motion
h0ei =
p2
2me
+
meω
2
c
8
ρ2 − i h¯ωc
2
∂
∂φ
, (29)
and for the relative motion of the interacting particles
hei = h
0
ei −
e2
4πǫ0r
. (30)
We are interested in the case of a weak magnetic field without making any approximation with respect to the Coulomb
problem. For that we expand Bei in powers of xe = h¯ωc/2kT . It can be easily shown that the linear term is equal to
zero and the first nonvanishing term is proportional to x2e. This contribution may be written as
Bdei =
(
1 +
x2e
6
)
B0ei +B
1
ei +B
2
ei . (31)
The first term comes from the expansion of the normalising constant and therefore the trace is solely given by the zero
field result [21]. In order to take into account the infinite proton mass in B0ei one has to replace λei by λe = h¯/
√
2mekT
5
and, hence, ξei by ξe = −eeei/(4πǫ0kTλe). The other two terms, beeing of the order O(B2), are the result of an
expansion of the trace in powers of the magnetic field and read as
B1ei = 4π
3/2λ3eP
k′
∫
C
dz
2πi
e−βzTr
(
1
hc − z
(
−i h¯ωc
2
∂
∂φ
)
1
hc − z
(
−i h¯ωc
2
∂
∂φ
)
1
hc − z
)
(32)
and
B2ei = −4π3/2λ3ePk
′
∫
C
dz
2πi
e−βzTr
(
1
hc − z
(
meω
2
c
8
ρ2
)
1
hc − z
)
. (33)
Here hc = p2/2me−e2/4πǫ0r is the Hamiltonian for the Coulomb problem for zero magnetic field. In what follows we
briefly outline the steps leading to the final result for B1ei and B
2
ei. For simplicity the calculations of these contributions
may be carried out separately, but as will be seen below only the sum of both gives a convergent contribution.
1. Calculation of B1ei
Let us first concentrate on the calculation of B1ei. The perturbation operator has spherical symmetry. Thus it
is convenient to use the eigenfunctions of the Coulomb operator. With that the calculation of the matrix elements
becomes trivial. As in the zero field case we can write
B1ei = 4π
3/2λ3eP
k′
∫
C
dz
2πi
e−βz
{
∞∑
n=1
n−1∑
l=0
l∑
m=−l
1
(En − z)3
(h¯ωc)
2
4
m2
+
∞∑
l=0
l∑
m=−l
∫
∞
0
dk
1(
h¯2k2
2m − z
)3 (h¯ωc)24 m2 1π dδl(k)dk
}
. (34)
Here we have made use of the relation between the density of states for the continuum states and the scattering
phase shifts δl(k) of the Coulomb system. The eigenvalues of the Coulomb system read as En = −1/2n2 and can be
expressed in terms of the parameter ξ by
− βEn =
(
ξe
2
)2
1
n2
. (35)
First we compute the discrete part of the partition function, that is given by the first term in (34) and reads
B1bei = 4π
3/2λ3e
x2e
Γ(3)
Pk
′
∞∑
n=1
n−1∑
l=0
l∑
m=−l
m2e−βEn , (36)
where we have performed the inverse Laplace transform. The summation over m and l is trivial and one immediately
finds, that
B1bei = 4π
3/2λ3e
x2e
12
Pk
′
∞∑
n=1
(
n4 − n2) exp( ξe
2n
)2
. (37)
By expanding the exponential and using the representation of the ζ-function we obtain
B1bei = 4π
3/2λ3e
x2e
12
Pk
′
∑
k=2,4,···
ζ(k − 4)− ζ(k − 2)
Γ(1 + k/2)
(
ξe
2
)k
. (38)
So far we have calculated the bound state contribution to B1ei. In the next step we consider the contribution of
continous spectrum. For that we need the scattering phase shifts of the field free Coulomb problem that are given by
d
dk
δl(k) = − 1
k2
(
e2me
h¯2
)
Reψ
(
l + 1 + i
∣∣∣∣e2mekh¯2
∣∣∣∣) . (39)
6
Making use of this relation and introducing t = λ2ek
2 the second term in Eq.(34) may be written as
B1sei = π
1/2λ3ex
2
eP
k′
∫
C
dz
2πi
e−z
∞∑
l=0
l∑
m=−l
m2
∫
∞
0
dt
t3/2
ξe
(t− z)3Reψ
(
l + 1 +
i
2
√
t
|ξe|
)
. (40)
In order to compute the sum over m and l we will expand the ψ-function, we have
Reψ
(
l + 1 +
i
2
√
t
|ξe|
)
= Re
∞∑
k=0
1
k!
ψ(k)(l + 1)
(
i
2
√
t
|ξe|
)k
. (41)
Now the summation over m and l may be carried out. We obtain by introducing τ = l + 1 + s
Pk
′
∞∑
l=0
l∑
m=−l
m2
1
k!
ψ(k)(l + 1) = (−1)kPk′
∞∑
l=0
1
3
(
2l3 + 3l2 + l
) ∞∑
s=0
1
(l + 1 + s)
k+1
= (−1)kPk′
∞∑
τ=1
1
τk+1
τ−1∑
l=0
1
3
(
2l3 + 3l2 + l
)
= (−1)kPk′ 1
6
(ζ(k − 3)− ζ(k − 1)) . (42)
Next we perform all remaining integrations. In this context we may use the following integral representation∫
C
dz
2πi
e−z
∫
C′
dt
t3/2
ξe
(t− z)3
(
i
2
√
t
|ξe|
)k
=
2π
Γ((k + 3)/2)
( | ξe |
2
)k+1
. (43)
Here the contour integral C′ in the complex t-plane encircles the positive real axis in the mathematical positive sense.
Using Eqs.(40,42 and 43) we obtain, after shifting the summation index k → k − 1, the series
B1sei = −2π3/2λ3e
x2e
12
∑
k=6
ζ(k − 4)− ζ(k − 2)
Γ(1 + k/2)
(
−| ξe |
2
)k
. (44)
Finally we sum up the bound state (38) and the scattering state (44) contribution, which gives
B1ei = 2π
3/2λ3e
x2
12
∑
k=6
ζ(k − 4)− ζ(k − 2)
Γ(1 + k/2)
( | ξe |
2
)k
. (45)
Here the sum runs from k = 6, since in this derivation the lower order terms k < 6 would give divergent contributions .
However, formally the ζ function can be extended to negative values and therefore the sum to smaller k values such as
k = 2, 3, 4, and 5. It will be shown below that this extension is possible and gives the exact lower order contributions.
Note that the bound state contribution and the scattering state contribution differ by a factor of 2. This general
statement has been previously derived in the zero field case [20]. It is essentially a consequence of the analyticity
of the second virial coefficient Bab(ξ) and expresses the fact of compensation of bound state and scattering state
contributions according to Levinsons Theorem [20]. One may also regard it as rule of obtaining scattering quantities
from bound state quantities. We will employ this relation in the following section.
2. Calculation of B2ei
Again we first concentrate on the calculation of the bound state contribution. We may use the eigenfunction of the
Coulomb operator to evaluate the trace. Thus we have
B2bei = −4π3/2λ3ePk
′
∫
C
dz
2πi
e−βz
∞∑
n=1
n−1∑
l=0
l∑
m=−l
1
(En − z)2
〈
nlm
∣∣∣∣mω2c8 r2sin2θ
∣∣∣∣nlm〉 . (46)
The calculation of the matrix elements is readily carried out [1], with the result
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〈
nlm
∣∣∣∣meω2c8 r2sin2θ
∣∣∣∣nlm〉 = meω2c8 a2B n22 (5n2 + 1− 3l(l− 1))
× 4l
3 + 6l2 + 2(2l+ 1)m2 − 2l− 2
(2l + 1)(2l − 1)(2l+ 3) . (47)
With that we obtain after integration and summation over the magnetic quantum number m
B2bei = −4π3/2λ3e
x2e
3ξ2e
Pk
′
∞∑
n=1
n−1∑
l=0
e(
1
n2
ξe
2 )
2
n2
(
5n2 + 1− 3l(l+ 1)) 8l3 + 12l2 − 2l − 3
(2l− 1)(2l + 3) . (48)
By summing over l we get
B2bei = −4π3/2λ3ePk
′
∞∑
n=1
e−βEn
x2e
6ξ2e
n4
(
7n2 + 5
)
. (49)
As before we expand the exponential, introduce the ζ-function and obtain the following expression for the bound state
contribution
B2bei = −4π3/2λ3e
x2e
24
∑
k=6
7ζ(k − 4) + 5ζ(k − 2)
Γ(2 + k/2)
(
ξe
2
)k
. (50)
Now we shall calculate the scattering part. This contribution may be obtained by applying the same arguments that
have led to the final expression of B1ab.
B2ei = −2π3/2λ3e
x2e
24
∑
k=6
7ζ(k − 4) + 5ζ(k − 2)
Γ(2 + k/2)
(
ξe
2
)k
. (51)
Again, only contributions k ≥ 6 are retained from this sum.
3. Final results for the electron-ion contribution
We can now take the sum of the various contributions Eqs.(31, 45 and 51) in order to obtain the quantum virial
function. As we have indicated before we may now drop the operator Pk
′
and may postulate the virial coefficient,
with
Bdei = 2πλ
3
eQ
0(ξe) + 2πλ
3
e
x2e
24
QB(ξe) , (52)
where we have defined the new magnetic quantum virial function QBab by
QB(ξab) =
√
π
∞∑
k=2
(k − 3)ζ(k − 2) + (k − 5)ζ(k − 4)
Γ(2 + k/2)
(
ξab
2
)k
. (53)
In spite of the fact that the derivation given above is valid only for k ≥ 6 we have extended the sum to k ≥ 2. By
studying the asymptotic properties of this function we will show that the magnetic quantum virial function has the
correct asymptotics for large ξ. Another independent verification of this result can be obtained by expanding the exact
second order contribution as given in Eq.(14). The quantum virial function QB(ξe) may be interpreted as the limit of
QB(ξei) with an infinite proton mass mi →∞ . For k = 3, 5 we make use of the relation limk→3(k − 3)ζ(k − 2) = 1.
In the next section we will show that the same analytical function determines also the contribution of the electron-
electron interaction.
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B. Electron-electron contribution
We first study the Hamilton operator in c.m. and relative coordinates. In this case the hamiltonian is separable
and may be written as Hee = H
cm
ee + hee, with the center of mass hamiltonian
Hcmee =
P2
4me
+
e2B2
4me
R2 sinΘ2 − i h¯ωc
2
∂
∂Φ
. (54)
It describes the free motion of a particle with mass 2me parallel to the field. While we have an harmonic oscillator
with frequency ωc = eB/me perpendicular to the field. The hamiltonian for the relative motion is given by
hee =
p2
me
+
e2B2
16me
r2 sin θ2 − i h¯ωc
2
∂
∂φ
+
e2
4πǫ0r
. (55)
It has the same structure as the hamiltonian for the relative motion of an electron in the field of a proton with infinite
mass. The only difference is the appearance of different masses in the various terms of hei and hee. However, by
appropriately redefining the length scales and dimensionless parameters involved in the problem, one can map hee
onto hei. This means in detail the replacement of λe by λee and of ξe by ξee in Eq.(52,53). Now we may use the
analyticity of the virial coefficient with respect to the interaction parameter. We may extend the result obtained for
the electron-ion part Eq.(53) by analytical continuation to negative ξ-values. Thus we have for the electron-electron
contribution
Bdee = 2πλ
3
eeQ
0(ξee) + 2πλ
3
ee
x2e
24
QB(ξee) . (56)
The magnetic quantum virial function QB(ξee) is given by Eq.(53). Note that this series holds also for the ion-ion
interaction if me is substituted by mi. However its contribution to the virial coefficient is negligible in the weak field
limit.
Let us briefly state the result for the exchange part of the electron-electron contribution. It may be obtained
by introducing an additional factor (−1)l in Eq.(34 and 46) which takes into account the exact symmetry of the
wavefunction. Then following the same steps as described in section III we find
Bexee = −πλ3ee
cosh(2xe)
cosh2(xe)
E0(ξee)− πλ3ee
x2e
6
cosh(2xe)
cosh2(xe)
EB(ξee) , (57)
with the new magnetic exchange virial function
EB(ξaa) =
√
π
∞∑
k=0
1
Γ(1 + k/2)
(
k
2 + k
(1− 24−k)ζ(k − 3)− 4
2 + k
(1− 22−k)ζ(k − 1)
)(
ξaa
2
)k
. (58)
The factor cosh(2xe)/ cosh
2(xe) in Eq.(58) is a result of the spins of the particles and can be calculated exactly. Again,
one may check these results for the order k = 0, 1 by comparison with the exact contributions given by Eqs.(24 and
25).
C. Asymptotic properties of the virial function
Let us now make an independent test of the above made statements. This investigation relies on two facts. First we
consider the elctron-electron contribution only, then in the limit ξ →∞ the quantum virial function QB(ξ) should be
equal to the Wigner-Kirkwood expansion [12], since ξ ∼ h¯−1. That means in this limit the plasma behaves essentially
as a classical system. The second argument is that the electron-electron contribution may be obtained from the ion-
electron contribution, and vice versa, by simple replacements of the interaction parameter as discussed in the previous
section. Let us start by studying the higher order contributions k ≥ 6 to the magnetic virial function (truncated virial
function), which read according to Eq.(53) as
Q′B(ξ) =
√
π
∞∑
k=6
(k − 3)ζ(k − 2) + (k − 5)ζ(k − 4)
Γ(2 + k/2)
(
ξ
2
)k
, (59)
with ξ < 0. The Γ-function can be represented by an inverse Laplace transform
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1Γ(z)
=
∫ δ+i∞
δ−i∞
dt
2πi
et
tz
. (60)
With that and after rearranging the sum over k, Q′B(ξ) can be rewritten as
Q′B(ξ) =
√
π
∫ δ+i∞
δ−i∞
dt
2πi
et
t2
∞∑
k=4
(k − 3)ζ(k − 2)
(
1 +
(
ξ
2
√
t
)2)(
ξ
2
√
t
)k
− √π ζ(2)
Γ(4)
(
ξ
2
)4
−√π 2ζ(3)
Γ(9/2)
(
ξ
2
)5
. (61)
In the following we make use of the relation
∞∑
k=4
(−1)k(k − 3)ζ(k − 2)xk = x4
(
ψ′ (x)− 1
x2
)
, x > 0 , (62)
which gives then
Q′B(ξ) =
√
π
∫ δ+i∞
δ−i∞
dt
2πi
et
t2
(
ξ
2
√
t
)4(
1 +
(
ξ
2
√
t
)2)(
ψ′
( |ξ|
2
√
t
)
−
(
2
√
t
|ξ|
)2)
− √π ζ(2)
Γ(4)
(
ξ
2
)4
−√π 2ζ(3)
Γ(9/2)
(
ξ
2
)5
. (63)
It useful to employ the asymptotic expansion of the ψ function
ψ(x) = lnx− 1
2x
−
m∑
s=1
B2s
2s x2s
+ rm(x) , (64)
with the Bernoulli numbers B2k. Then we can perform the inverse Laplace transform and find the following asymptotic
expansion of the truncated magnetic quantum virial function
Q′B(ξ) = −
√
π
Γ(9/2)
(1 + 2ζ(3))
(
ξ
2
)5
−
√
π
Γ(4)
(
1
2
+ ζ(2)
)(
ξ
2
)4
−
√
π
Γ(7/2)
(1 +B2)
(
ξ
2
)3
−
√
π
2Γ(3)
(
ξ
2
)2
−
√
π
Γ(5/2)
(B2 +B4)
(
ξ
2
)
−
√
π
Γ(3/2)
(B4 +B6)
(
2
ξ
)
−
√
π
Γ(1/2)
(B6 +B8)
(
2
ξ
)3
+ o(ξ−5) . (65)
Now we may conclude that the full magnetic virial function defined by
QB(ξ) =
√
π
5∑
k=2
(k − 3)ζ(k − 2) + (k − 5)ζ(k − 4)
Γ(2 + k/2)
(
ξ
2
)k
+Q′B(ξ) (66)
has the following asymptotic representation
QB(ξ) = − 4
45
ξ +
4
105
1
ξ
+
8
105
1
ξ3
+ o(ξ−5) . (67)
Remarkably, this procedure is accompanied by a term by term cancellation of the lower order contributions k < 6
coming from the Taylor expansion with those coming from the asymptotic expansion. The final expression may now
be compared with the h¯2 expansion , which was computed by Alastuey and Jancovici [12]. The linear term in the
asymptotic expansion of QB(ξ) is the term proportional to h¯2-term of the Wigner Kirkwood expansion and coincides
with that of Alastuey and Jancovici. In addition to that we have found higher order contributions proportional to h¯4
and h¯6. With this derivation we have shown that that the magnetic virial function (53) has the correct asymptotic
properties. This may be regarded as a strong support of the argument that the sum in Eq.(59) can be extended to
the values of k=2,3,4, and 5, in order to obtain the desired result as given in Eq.(53).
Notice that from the Wigner-Kirkwood expansion follows the absence of the linear term in the Taylor expansion
(53).
10
Finally we give the asymptotic form of QB(ξ) for positive arguments. To establish this property, we first observe
that the magnetic virial function obeys the following relation
QB(ξ) +QB(−ξ) = 2√π
∞∑
k=2,4,···
(k − 3)ζ(k − 2) + (k − 5)ζ(k − 4)
Γ(2 + k/2)
(
ξ
2
)k
. (68)
From this, it follows by using the representation of the ζ-function as an infinite sum and then carrying out the sum
over k, that
QB(−ξ) = QB(ξ) +
√
π
8
ξ2 +
√
π
96
(
π2
3
+ 1
)
ξ4 + 2
√
πσB(ξ) , (69)
where we have defined
σB(ξ) =
∞∑
n=1
2n2
(
1 + n2
) [
e(
ξ
2 )
2 1
n2 − 1−
(
ξ
2
)2
1
n2
− 1
2!
(
ξ
2
)4
1
n4
]
−
∞∑
n=1
n4
(
5 + 7n2
)(2
ξ
)2 [
e(
ξ
2 )
2 1
n2 − 1−
(
ξ
2
)2
1
n2
− 1
2!
(
ξ
2
)4
1
n4
− 1
3!
(
ξ
2
)6
1
n6
]
. (70)
Now let us briefly summarize the properties of the magnetic quantum virial function. In Fig.1 we have plotted QB(ξ)
for both positive and negative arguments, i.e. for electron-ion and electron-electron interaction , respectively. It shows
an asymmetric behavior. For opposite charged particles the magnetic quantum virial function increases exponentially
at large ξ, i.e. at low temperatures, due to the formation of bound states. While for like charged QB(ξ) increases
linear at large ξ.
The behavior of the exchange magnetic virial function is shown in Fig.2. In the quantum regime, at small ξ, one finds
a finite contribution to the thermodynamic funcitons. While EB(ξ) decreases exponentially in the classical regime,
i.e. at large ξ-values. This result was also found in [12].
IV. MAGNETIZATION AND MAGNETIC SUSCEPTIBILITY
We now compute the magnetization in linear approximation (weak-field limit) and construct from this the mag-
netic susceptibility. Thereby spin effects and orbital effects are treated on equal footing. Let us suppose that the
magnetization may be divided into ideal and interaction contributions
M = Mid +Mint . (71)
We restrict ourselves to the magnetization of the electronic subsystem, since the magnetization of the subsystem of
the heavy positive ions is negligible small. However the contribution of the electron-ion interaction is fully included
into our calculation. The ideal magnetization M = −(1/Ω)(∂F/∂B) may be calculated from
Mid = nkT
∂
∂B
ln
(
nΛ3e
2
xe
tanh(xe)
)
. (72)
Evaluating this in the weak field limit, we get Landau’s result for the sum of the spin magnetism and the diamagnetism,
which reads
ML =
1
6
nh¯2e2βB
m2e
. (73)
The interaction part of the magnetization may be expressed in terms of the magnetic virial function. By taking the
derivative of the full second virial coefficient with respect to the magnetic field one obtains
Mint =
1
6
nh¯2e2βB
m2e
(π
4
nλ3eQ
B
e +
π
4
nλ3eeQ
B
ee − 3πnλ3eeE0ee −
π
2
nλ3eeE
B
ee
)
. (74)
Here we have introduced a density expansion of the thermodynamic functions, that can be obtained from the fugacity
expansion by an iteration procedure, as discussed in [19,20]. This expression may now be used to calculate the zero
field magnetic susceptibility (χ = (∂(ML +Mint)/∂B)B=0), with the result
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χ = χL
(
1 +
π
4
nλ3eQ
B(ξe) +
π
4
nλ3eeQ
B(ξee)− 3πnλ3eeE0(ξee)−
π
2
nλ3eeE
B(ξee)
)
. (75)
The first term is Landau’s result for the magnetic susceptibility, χL = (1/6)(nh¯
2e2β/m2e), of an ideal system in
Boltzmann statistics, while the next terms describe the density effects. These effects contain the interaction of
the particles as well as the deviation from the Boltzmann statistics. Fig.3 shows the magnetic susceptibility as a
function of the density parameter nλ3ee of the system for various temperatures. In Fig.4 we have plotted the magnetic
susceptibility as a function of the inverse temperature for various fixed densities. We find for ξee < 1.2 a decrease
and for ξee > 1.2 an increase of the paramagnetic susceptibility. The transition from negative to positive corrections
occurs at T ∼ 2×105K. This non-monontonic dependence on the temperature is the result of two competiting effects.
The first effect can be explained on the basis of an ideal quantum plasma. The exchange contribution of the order
n2, which describes the first deviation from the Boltzmann statistics, decreases the magnetic susceptibility. On the
other hand, the interaction between the particles tends to increase the magnetic susceptibility. This effect becomes
dominant at low temperatures, while at high temperatures the exchange effects are dominant.
We note that for ξ ≫ 1, i.e. for T ≪ 2×105K, the contribution from the positive interaction parameter (ξ > 0) may
become very large due to its exponentiell increase with 1/T . The region where a considerable number of bound states
are formed, requires a special treatment [20]. Clearly, this theory is restricted to the region in which | χ−χL | /χL < 1
is valid.
Finally, we mention that the magnetization and magnetic susceptibility of an OCP can be derived from the results
of the TCP (74,75). This limit is obtained by sending the mass of one species to infinity and the charge to zero while
ensuring charge neutrality of the system. Then the magnetic susceptibility of an OCP in linear response reads
χOCP = χL
(
1 +
π
4
nλ3eeQ
B(ξee)− 3πnλ3eeE0(ξee)−
π
2
nλ3eeE
B(ξee)
)
. (76)
In the previous section, we have checked that this expression coincides with the Wigner-Kirkwood expansion derived
by Alastuey and Jancovici [13].
V. ACKNOWLEDGMENTS
This work was supported by the Deutsche Forschungsgemeinschaft under grant#Eb 126/5-1. We thank P.Martin
for focussing our attention on this problem.
[1] L.D.Landau, E.M.Lifshitz, Quantum mechanics, (Pergamon, Oxford, 1958)
[2] Atoms and Molecules in Strong External Fields, ed. by P.Schmelcher and W.Schweizer, plenum press, N.Y. (1998)
[3] H.Ruder,G.Wunner,H.Herold and F.Geyer, Atoms in strong magnetic fields, (Springer-Verlag, Heidelberg, 1994)
[4] H.Friedrich and D.Wintgen, Phys. Reports 183, 37 (1989)
[5] H.Herold, H.Ruder, and G.Wunner, J. Phys. B 14, 751 (1981)
[6] A.Y.Potekhin, J. Phys. B 27, 1073 (1994)
[7] Yu.P.Kravchenko, M.A.Liberman, and B.Johansson, Phys. Rev. A 54, 287 (1996)
[8] N.Bohr, dissertation, Copenhagen (1911)
[9] J.H.vanLeeuwen, J.Physique 2, 361 (1921)
[10] L.D.Landau, Z. Phys. 64, 629 (1930)
[11] E.Teller, Z. Phys. 67, 311 (1931)
[12] A.Alastuey, B.Jancovici, Physica 97A, 349 (1979)
[13] A.Alastuey, B.Jancovici, Physica 102A, 327 (1980)
[14] F.Cornu, Europhys. Lett. 37, 591 (1997); Phys. Rev. E 58, 5268 (1998); 58, 5293 (1998), 58, 5322 (1998)
[15] D.Boose, A.Perez, Phys. Lett. A 234, 113 (1997)
[16] M. Steinberg, J. Ortner, W. Ebeling, Phys. Rev E 58, 3806 (1998)
[17] A.A.Vedenov, A.I.Larkin, Zhur.Eksptl. i Teoret.Fiz. 36, 1133 (1959)
[18] A.I.Larkin, Zhur.Eksptl. i Teoret.Fiz. 38, 1896 (1960)
[19] G.P.Bartsch, W.Ebeling, Contr. Plasma Phys. 11, 393 (1971)
[20] W.Ebeling, W.D.Kraeft, D.Kremp, Theory of bound states and ionization equilibrium in plasmas and solids, (Akademie-
Verlag, Berlin, 1976)
12
[21] W.Ebeling, Physica 38, 378 (1968); 43, 293 (1969)
13
Figure Captions
Fig. 1 Plot of the magnetic quantum virial function QB(ξ) . The positive branch (ξ > 0) corresponds to the
electron-proton interaction and the negative branch (ξ < 0) to the electron-electron interaction.
Fig. 2 Plot of the exchange magnetic quantum virial function EB(ξ).
Fig. 3 Magnetic susceptibility as a function of the degeneracy parameter nλ3ee for various temperatures (note that
|ξ| ∼ (157000/T [K])1/2).
Fig. 4 Magnetic susceptibility as a function of the of the coupling parameter Γ (inverse temperature) for various
fixed densities.
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